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Abstract. We consider the dilation property of the modulation spaces M p ' q . Let 
D\ '■ fit) i—* /(At) be the dilation operator, and we consider the behavior of the 
operator norm H-DaIIm* 1 '"— >Af»>'<i with respect to A. Our result determines the best 
order for it, and as an application, we establish the optimality of the inclusion relation 
between the modulation spaces and Besov space, which was proved by Toft 



1. Introduction 

The modulation spaces M p ' q were first introduced by Feichtinger in [I] and [2] . The 
exact definition will be given in the next section, but the main idea is to consider the 
decaying property of a function with respect to the space variable and the variable of 
its Fourier transform simultaneously. That is exactly the heart of the matter of the 
time-frequency analysis which is originated in signal analysis or quantum mechanics. 

Based on a similar idea, Sjostrand |B} independently introduced a symbol class which 
assures the L 2 -boundedness of corresponding pseudo-differential operators. In the last 
decade, the theory of the modulation spaces has been developed, and its usefulness 
for the theory of pseudo-differential operators is getting realized gradually. Nowadays 
Sjostrand's symbol class is recognized as a special case of the modulation spaces by 
Grochenig [Hj. Grochenig and Heil [Hj also used the modulation spaces, as a powerful 
tool, to show trace-class results for pseudo-differential operators. Consult Grochenig 
[I] for further and detailed history of this research fields. 

Now we are in a situation to start showing fundamental properties of the modulation 
spaces, in order to apply them for many other problems. Actually in Toft's recent work 
0, he investigated the mapping property of convolutions, and showed Young-type 
results for the modulation space. As an application, he showed an inclusion relation 
between the modulation spaces and Besov spaces. We remark that Besov spaces are 
used in various problems of partial differential equations, and his result will help us to 
understand how they are translated into the terminology of the modulation spaces. 

Among many other important properties to be shown, we focus on the dilation 
property of the modulation spaces in this article. Since M 2,2 (lR n ) = L 2 (W L ), we 
have easily ||/a||m 2 ' 2 = ^"""^II/IIm 2 . 2 by the change of variables t i— > A _1 t, where 
fx(t) = /(At) and t G 1R™. But it is not clear how ||/a||mp.9 behaves like with respect 
to A except for the case (p, q) = (2, 2). Our objective is to draw the complete picture 
of the best order of A for every pair of (p, q) (Theorem 11.1)1 . 

We can expect various kinds of applications of this consideration. In fact, this kind 
of dilation property is frequently used in the "scaling argument" , which is a popular 
tool to know the best possible order of the conditions in problems of partial differential 
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equations. Actually, in this article, we also show the best possibility of Toft's inclusion 
relation mentioned above, as a side product of the main argument (Theorem II. 2|) . 

In order to state our main results, we introduce several indexes. For 1 < p < oo, we 
denote the conjugate exponent of p by p' (that is, 1/p + 1/p' = 1). We define subsets 
of (1/p, l/q) <E [0, 1] x [0, 1] in the following way: 



h 
h 
h 



max(l/p, 1/p') < l/q, I{ 
max(l/g, 1/2) < 1/p', I* 
max(l/g, 1/2) < 1/p, I* 



See the following figure: 



min(l/p, 1/p') > l/q, 
min(l/g, 1/2) > 1/p', 
min(l/g, 1/2) > 1/p. 




l 1/p 




< A < 1 



A > 1 



In jH], Toft introduced the indexes 

q) — niax{0, l/q — min(l/p, 1/p')}, 
v i^Pi q) — niin{0, l/q — max(l/p, 1/p')}. 



Note that 



if l/q) G ir, 

vi(p,q)= {1/p + l/q-l if (l/p,l/q)eP 2 , 
■1/p + l/q if (l/p,l/q)ell, 



and 



[0 if (l/p,l/q)eh, 

is 2 (p,q) = <l/p+l/q-l if (1/p, l/q) e h, 

[-1/p + l/ q if (l/p,l/ q )el 3 . 

We also introduce the indexes 



i 1/p 



/ii(p, q) = Ux(p, q) - 1/p, fi 2 (p, q) = v 2 (p, q) - 1/p. 



Then we have 



-1/p 

Mp,q) = (i/q-i 



if {l/p,l/q)ell, 
if (1/p, l/q) e II 



-2/p+l/q if (l/p,l/g)GJ. 
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and 

f-l/p if 1/g) G ii, 

/i 2 (p,g) = <l/g-i if (l/p, l/q) G I 2 , 

[-2/p+l/g if (l/p, G / 3 . 

Our first main result is on the dilation property of the modulation spaces. For a 
function (or tempered distribution) / on R ra and A > 0, we use the notation fx which 
is defined by f x (t) = /(At), t G R n . 

Theorem 1.1. Let 1 < p, q < oo. Then the following are true: 

(1) There exists a constant C > such that 

UxWm™ < C\ n ^ p ' q) \\f\\ MP , q for all f G M p,q (W l ) and A > 1. 
Conversely, if there exist constants C > and «Gl siic/j that 
WAWmp* < CX a \\f\\ M v^ for all f G M p ' q {R n ) and A > 1, 

then a > n/j,i(p, q). 

(2) There exists a constant C > suc/i that 

UxWm^ < C\ n ^ p ' q) \\f\\ MP , q for all f G M p,q (W l ) and < A < 1. 
Conversely, if there exist constants C > and (3 G R stzca t/iat 

\\f\\\ M ™ < CA^H/Ump,, /or a// / G M p ' 9 (R n ) and < A < 1, 
then (3 < n^ip, <?)■ 

Since the Gauss function tp(t) = e~'*' 2 does not change its form under the Fourier 
transformation, the modulation norm of it can have a "good" property. In this sense, 
it is reasonable to believe that the Gauss function f = <p attains the critical order of 
||/a||mp.« with respect to A. But it is not true because ||<£>a||mp.9 ~ \ n( ^/i- 1 ) in the case 
A > 1 and H^aIIm^ ~ \~ h /p in the case < A < 1 (see Lemma EH}- Theorem 11.11 
says that they are not critical orders for every pair of (p, q). 

It should be pointed out here that the behavior of ||/a||mp.« with respect to A might 
depend on the choice of / G M p ' q (W n ). In fact, f(t) = J2kez« e* fc * -^(t — k), where ip is 
an appropriate Schwartz function, has the property II/aIImp. 00 ~ \~ 2n / p (0 < A < 1) in 
the case 1 < p < 2 (Lemma 13.9)1 . while the Gauss function has the different behavior 
II^aIImp* 00 ~ \~ n / p (0 < A < 1) as mentioned above. On the other hand, the L p -norm 
never has such a property since ||/a||xp = A _ "/ p ||/||lp for all / G L p (R n ). That is one 
of great differences between the modulation spaces and L p -spaces. 

Our second main result is on the optimality of the inclusion relation between the 
modulation spaces and Besov spaces. In Theorem 3.1], Toft proved the inclusions 

B™. (R n ) ^ M p ' q (R n ) ^ B p '\ JR n ) 

for 1 < p, q < oo. He also remarked that the left inclusion is optimal in the case 
1 < V = q < 2 > that is, if S P ; p (R n ) ^ M P ' P (R") then si > nv x {p,p). The same is true 
for the right inclusion in the case 2 < p = q < oo, that is, if M p ' p (R n ) c — > B P f(M. n ) 
then S2 < nv2{PiP) (0 Remark 3.11]). The next theorem says that Toft's inclusion 
result is optimal in the above meaning for every pair of (p, q). 

Theorem 1.2. Let 1 < p, q < oo and s G R. Then the following are true: 

(1) IfB p ' q (M n ) ^ M p ' q (R n ), then s > Wi(p,q). 

(2) 7/M p ' 9 (R n ) «^-> B P ' 9 (R n ) andl<p,q < oo, then s < nu 2 (p,q). 
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We end this introduction by explaining the plan of this article. In Section 2, we give 
the precise definition and basic properties of the modulation spaces and Besov spaces. 
In Sections 3 and 4, we prove Theorems 11.11 and 11.21 respectively. 



2. Preliminaries 

We introduce the modulation spaces based on Grochenig |4|. Let iS(M n ) and <S'(R n ) 
be the Schwartz spaces of rapidly decreasing smooth functions and tempered dis- 
tributions, respectively. We define the Fourier transform / and the inverse Fourier 
transform T~ 1 f of / G S(R n ) by 



/(0= / e-^f{x)dx 

JR n 

and 

^ 1 /W = 7 ^- / < ./ 1 <K. 

Fix a function (p G 5(lR n ) \ {0} (called the window function). Then the short-time 
Fourier transform V^f of / G iS'(M n ) with respect to <p is defined by 

V v f{x, = (/, M^ip) for x, £ G M n , 

where M^T x (p{t) = e^ 4 (p(t — x) and (-, •) is the inner product on L 2 (M. n ). We can 
express it in a form of the integral 



Vpf(x,£)= / f(t)<p(t-x)e-* t dt, 



which has actually the meaning for an appropriate function / on 1". We note that, 
for / G 5'(R n ), V v f is continuous on R 2n and \V v f(x^)\ < C(l + \x\ + \£\) N for some 
constants C, N > (jU Theorem 11.2.3]). Let 1 < p, q < oo. Then the modulation 
space M p ' q (R n ) consists of all / G S'(R n ) such that 



MP'i 



\V v f\\i*« = \ f ([ \V v f(x,S)\*dxY /P d£ 




We note that M 2 ' 2 (R n ) = L 2 {R n ) (4, Proposition 11.3.1]) and M p < q (R n ) is a Banach 
space (|H Proposition 11.3.5]). The definition of M p ' q (R n ) is independent of the choice 
of the window function (p G iS(M rt ) \ {0}, that is, different window functions yield 
equivalent norms (|3J Proposition 11.3.2]). 

We also introduce Besov spaces. Let 1 < p, q < oo and s G R. Suppose that 
77,-0 G S(R n ) satisfy suppr/ C {£ : |f| < 2}, supp^ C {£ : 1/2 < |£| < 2} and 
r/(0 + J2T=i ^/ 2i ) = 1 for a11 £ G Rn - Set = ^ and ^ = ^(-/2*) if j > 1. Then 
Besov space £J'9(R n ) consists of all / G <S'(M n ) such that 

i^Wiiii, = E 2 ^ii $ wiil <00 ' 

d=o J \j=o J 

where = T~ x ^j. We remark B P > q (R n )* = B p j/ (R n ) for 1 < p, q < oo. 

Finally, we list below the lemmas which will be used in the subsequent section. In 
this article, we frequently use the function Lp{t) = e~'*' which is called the Gauss 
function. 
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Lemma 2.1 ([HI Lemma 1.8]). Let ip be the Gauss function. Then 

\\Vp((p\)\\LP« = 7r «( 1 /p+Vg+l)/2 p - n /2 P9 -n/2 ?2 n/ gA -r l / P ( 1 + A 2)n(l/ P +l/ 9 -l)/2_ 

Lemma EH] says that ||<^a||m3>>8 ~ \ n 0-/i- 1 ) m the case A > 1 and H^aIIm^ ~ \~ n / p 
in the case < A < 1. 

Lemma 2.2 (@j Corollary 11.2.7]). Let f G S'(R n ) and ^,^,76 S(R n ). Then 

(f j(p ) = -L-[ V*f(x,$V^fa£)dxdt for all^e S(R n ). 
Lemma 2.3 (01 Lemma 11.3.3]). Let f G S'(R n ) and ^,-0,7 e <S(M n ). TTien 

Lemma 2.4 (0J Proposition 11.3.4 and Theorem 11.3.6]). 7/1 < p,q < 00, then 
S(R n ) is dense in M p > q (R n ) and M p ' q (R n )* = M p '> q '(R n ) under the duality 

(f, 9) m = I, 1| 2 / Vpf(x, V v g(x, f ) cte d£ 

/or / G M p ' q (R n ) and g G M p '> q \W l ). 

By Lemmas O and O if 1 < p, q < 00 and / G M M (M n ) then 
(2.1) UWmm = sup |(/,o) A /| = sup \(f,g)\ 

where the supremum is taken over all g G <S(R n ) such that ||g|| a/p',-?' = !• 

Lemma 2.5 (jU Corollary 2.3]). Let 1 < pi,P2,Qi,Q2 < 00 and q<i < 00. If T is a 

linear operator such that 

\\Tf\\ M ^ < A 1 \\f\\ MP1 ,<* for all f G M**{R n ) 

and 

\\Tf\\ M v^ < A 2 \\f\\ MP2 „ 2 for all f G M^{R n ), 

then 

\\Tf\\ MP , q < CA\- e A e 2 \\f\\ MP , q for all f G I M (R"), 

where 1/p = (l — 9)/pi+9/p 2 , 1/q — i)- — d)/qi+6/q 2 , < 9 < 1 and C is independent 
<>f I ■ 

Remark 2.6. Lemma 12.51 with the case q\ = q2 = 00 is treated in p| Remark 3.2], 
which says that it is true under a modification. 

3. The dilation property of modulation spaces 

In this section, we prove Theorem 11.11 which appeared in the introduction. We begin 
by preparing the following lemma: 

Lemma 3.1. Let 1 < p, q < 00. Then there exists a constant C > such that 



||/a||m*« < c\- n ^ p - 1 ' q+1 \\ + A 2 )"/ 



Mv,q 



for all f G M p ' q (R n ) and A > 0. 
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Proof. Let <p be the Gauss function, that is, <p(t) = e~'*' 2 . By a change of variable, we 
have 

MxWmp* = \K(A)\\l™ = \- n{l,p - l/q+1) \\v Vl/ j\\ LP ,. 

From Lemma 12. HI it follows that 

v^ 1/x f(x,o\ < y\\-J(Kf\ * |v^|)(*,o. 

Hence, by Young's inequality and Lemma \'2.1\ we get 

= A _ n(1/p _ vg+1)lbll ^ ll ^ (v?1/A)IUMII ^ /ll ^ 

= A~ n(1/p - lA?+1) |M| L 2 (n 3n/2 2 n (\~ 1 y n ( y l + A~ 2 ) n/2 ) \\f\\ MP , q 

The proof is complete. □ 

We are now ready to prove Theorem 11.11 (1) with (1/p, 1/q) G /* and (2) with 
(1/p, 1/q) e h. 

Proof of Theorem (2) with (1/p, 1/q) G I\. Suppose that (1/p, 1/q) G I\. Then 
A*2(p, q) = — 1/p- Let 1 < r < oo. By Lemma \3.1\ we have 

(3.1) ||MU/'M < CA-" /r ||/|| Ml M for all / G M r,1 (R n ) and < A < 1. 
On the other hand, since M 2 ' 2 (R n ) = L 2 (R n ), we have 

(3.2) WhWiflfl < C\- n/2 \\f\\ M 2a for all / G M 2 ' 2 (R n ) and < A < 1. 

Take 1 < r < oo and < 6» < 1 such that 1/p = (1 - 6)/r + 9/2 and 1/q = 
(1 — 9)/l + 9/2. Then, by the interpolation theorem (Lemma 12. 5jl . (J3.1)) and ()3.2j) give 

||MU-<c(A-^) 1 ~ e (\- n/2 ) e \\f\\ M ™ 

for all / G M p ' q (R n ) and < A < 1. Since {l-6)/r = 1/p+l/q-l and 9/2 = 1-1/q, 
we get 

(3.3) H/aIUm < CA-" /p ||/|| MP ,« for all / G M p ' 9 (R n ) and < A < 1. 

This is the first part of Theorem ll.il (2) with (1/p, 1/q) G I\. 

We next prove the second part of Theorem 11.11 (2) with (1/p, 1/q) G I\. Let 
(1/p, 1/q) G I\. Assume that there exist constants C > and (3 G R such that 

\\fx\\Mv, q < C\ p \\f\\ MP , 9 for all / G M p ' 9 (R n ) and < A < 1. 

Let ip be the Gauss function. We note that the Gauss function belongs to M p,q (R n ). 
Then, by Lemma 12. II and our assumption, we have 

C p , q \- n/P < C M \- n/p (l + A 2 )«( 1 /P+l/9-l)/2 

= ||^(v?a)||z><3 = H^aIImp.9 < CA^II^Ump^ 

for all < A < 1. This is possible only if f3 < —n/p. The proof is complete. 

Proof of Theorem (1) with (1/p, 1/q) G /*. We note that H\(p,q) = —1/p if 
(1/p, 1/q) G /*. Let 1 < p < oo and q > 2 be such that (1/p, 1/q) G I*. Then 
(1/p', 1/q') G I\. We first consider the case p ^ 1. Since 1 < p, q < oo, by duality 
(jZIj) and Theorem O (2) with (1/p', 1/q') G Ji, we have 

II /a II At*.* = sup \(f\,g} \ = A _ri sup | {/, S'i/a) I 
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< A _n sup \\f\\Mp^\\9i/x\\Mp'y 

< A^sup \\f\\ MP>q (^(A-^'lMUv) = C\- n ^\\f\\ MP , 

for all / G M p,q (MJ l ) and A > 1, where the supremum is taken over all g G iS(lR n ) such 
that HglljVfpV = 1. In the case p — 1, by Lemma I3.1[ we see that 

II/aIIml- < CA^II/Umi- for all / G M 1 '°°(R") and A > 1. 

Hence, we obtain the first part of Theorem ll.il (1) with (1/p, 1/q) G I{. 

We consider the second part of Theorem ll.ll fl) with (1/p, 1/q) G /*. Let 1 < p < oo 
and 2 < q < oo be such that (1/p, 1/q) G /*. Assume that there exist constants C > 
and aeR such that 

\\9\\\mv« < CX a \\g\\ M p^ for all g G M M (M n ) and A > 1. 
Then, by duality and our assumption, we have 

II fx II mp'.*' = SU P I (/a, | = A~ n sup \(f,gi/\)\ 

< A _n SUp H/llji^^ll^l/AllAfM 

< A^sup \\f\\ MpW {C^yWgWMP,*) = C\- n - 



for all / G M p ,q (W 1 ) and < A < 1, where the supremum is taken over all g G iS(lR n ) 
such that Hfl'llAfp.s = 1. Since (1/p', 1/q') G h, by Theorem ll.il (2) with (1/p', 1/q') G 
Ji, we get — n — a < —n/p'. This implies a > —n/p. 

We next consider the case q = oo. Let 1 < r < oo. Assume that there exist 
constants C > and «6l such that 

(3.4) \\fx\\ M r^ < CX a \\f\\ M r,oo for all / G M r '°°(R n ) and A > 1, 
where a < -n/r. Since M 2 ' 2 (R n ) = L 2 (lR n ), we have 

(3.5) UMIm^ < C\- n/2 \\f\\ M ^ for all / G M 2 ' 2 (R n ) and A > 1. 
Then, by the interpolation theorem, (|3.4|) and (|3.5|) give 

\\fxh^<c(\ a ) l - e (\" n/2 ) d ||/||ap>.« 

for all / G M M (R") and A > 1, where 1/p = (1 -9)/r + 9/2, 1/q = (1 - 9)/oo + 9/2, 
and < 9 < 1. Since < 9 < 1, we note that l<p<oo, 2<g<oo and 
(1/p, 1/q) G I{. Since p = q if r = oo, using that 1 — 9 = r(l/p — 1/q) if 1 < r < oo, 
1 — 9 = 1 — 2/q if r = oo and 9/2 = 1/q, we have 

' CA ar(l/p-l/g)-n/ ? ||j|| MM) j f 1 < r < ^ 
CX a(l-2/q)-n/ q ||/|| Mp ,, ; if r = 00 

CA ar(l/ P -l/ g )-n/ g +n/ P -n/p||j|| A/p ^ if f < r < ^ 
CA a(l-2/ 9 )- n ./ P ||j|| A/p9) if r = QO 

^(ar+nja/p-l/gJ-n/pll^H^^ if 1 < r < ^ 



||/a||a/p.9 < 



for all / G M p,,? (lR n ) and A > 1. However, since (ar + n)(l/p— l/g)<Oifl<r<oo 
and a(l — 2/g) < if r = oo, this contradicts Theorem 11.11 (1) with 1 < p < oo, 
2 < q < oo and (1/p, 1/q) G Ji*. Therefore, a must satisfy a > —n/r. The proof is 
complete. 
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Our next goal is to prove Theorem 11.11 (1) with (l/p,l/q) G 1% and (2) with 
(l/p,l/q)el 2 . 

Lemma 3.2. Let 1 < p, q < oo be such that (l/p,l/q) G J| an( ^ — V*?- Then 
there exists a constant C > such that 

IIAlk*. < C\~ n{2/p ~ 1/g \l + \ 2 ) n{1/p ~ 1/2) \\f\\ M p.« 
for all f G M p ' q (R n ) and A > 0. 
Proof. Let 1 < r < oo. By Lemma 13. 1| we have 



(3.6) 



||/A|U^<CA^-2) (1 + A 2 ) n/ 5 



for all / G M 1,r (R n ) and A > 0. Let 1 < p, q < oo be such that (1/p, l/q) G J 2 * and 
1/p > l/q. Take l<r<ooandO<0<l such that 1/p = (1 - 0)/l + 0/2 and 
l/q = (1 — 9)/r + 9/2. Then, by the interpolation theorem, ()3.2j) . (J3.5j) and ()3.fi|) give 

IIMk- < C (A^ 2 )(l + A 2 ) n/2 ) ie (A-/ 2 ) e \\f\\ MP , 

for all / G M p ' q (R n ) and A > 0. Using (1 -9)/r = 1/p + l/q - 1, 1 - 9 = 2/p - 1 and 
0/2 = -l/p+ 1, we get 

IIMIm- < ca^ 1 -^- 2 ^)-*/ 2 )^ + A 2 )^ 1 - )/ 2 !!/!!,^ 

= c , A -n(2/p-l/?)( 1 + A 2 ) n(l/ P -l/2)|| / || Mp ^ 

for all / G M M (R n ) and A > 0. The proof is complete. □ 

The proof of the following lemma is based on that of [10, Theorem 3]. 

Lemma 3.3. Suppose that (p G 5(IR n ) is a real-valued function satisfying (p = 1 on 
[-1/2, l/2] n , supp^ C [-1, If, <f(t) = <f(-t) and £ fceZ n (p{t - k) = 1 for all t G K n . 
Then 

sup ||(M fc $) * f\\ L2 < WV^fW^ < 5l$|| L i sup ||(M fe $) * f\\ L 2 

for all f G M 2 '°°(M n ), where $ = and M k §(t) = e ik t ^(t). 

Proof. Let / G M 2,00 (lR n ). Since $ is a real-valued function and = $(-£) for all 
t, we have 



(3.7) 



|V*/(x,OI 



/ f(t)<$>(t-x)e-* t dt 
f{t)$(x-t) e iHx - t] dt 



We first prove 

(3.8) esssup^gj 



\V*f(x,£)\ 2 dx 



1/2 



sup 



\{M^) * f(x)\ 



\V*f(x,£)\ 2 dx 



1/2 



To prove (|3.8jl . it is enough to show that (L n |V$/(x,£)| 2 <ia;) 1//2 is continuous with 

1 /2 

respect to £. Since esssup^ gR „ (J* Rn |V$/(x, £)| 2 <ir) < oo, for each k G Z n there 
exists £ fe G fc/2 + [-1/4, l/4] n such that (/ Rn |V*/(x, ^ fc )| 2 dx) 1/2 < oo. Then, by (JSZZD, 



we have 



(2tt)™/ ; 



■IIv(--&)/IIl» = II(^)*/II 



L 2 



\V*f(x,£ k )\ dx) < oo. 



1/2 
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Since k/2 + [-1/4, 1/4]" C & + [-1/2, l/2] n and </?(• - 6) = 1 on £ fc + [-1/2, 1/2]", we 
see that |/| 2 is integrable on k/2 + [—1/4, 1/4]™. The arbitrariness of k G Z n gives / G 
L^ oc (M n ). By the Lebesgue dominated convergence theorem, we see that \\ip(- — £) f\\ L 2 

is continuous with respect to £. Hence, (L n \V$f(x, ^)| 2 <ix) 1//2 is continuous with 
respect to £. We obtain ()3.8j) . Then, from ()3.7|) and ()3.8j) it follows that 



sup ||(M fc $) * /lly < sup ||(M e $) * /|| L2 = sup 

kez n §eiR n §eiR n \Jr™ 



1/2 



ess sup^ e 



|Vb/(x,0| 2 da; 



V*f{x,£)\ 2 dx 

1/2 

= ||Vb/|| L 2, 



We next prove ||14/|| L 2,oc < (5 n ||$|| L i) sup fcgZ „ ||(M fc $) * /|| £2 . Let £ G W. Since 



M 5 $ = ^- i [ V 9(--0]=^ 



-i 



£ (M 5 $) * (M fc $), 



l*j-fel<2. 



l*i-fel<2, 
i=l,-,n 



by (|3.7jl . we have 



|V*/(ar,OI = l(M^) * f(x)\ < ^ |(M<$) * (M fe d>) * /(x)| . 



Hence, by ()3.8|h we get 

||Vb/||i2 l00 -- 



sup 



l*J-&l<2, 
i=l,- ,n 



i^>/(x,or^ 



1/2 



<sup V \\{Mt$)*{M k $)*f\\v 

3=1,- ,n 

< sup \\M^\\ L i\\(M k <s>)*f\\ L2 



<||$|| L i sup ||(M,$)*/|| L 2 



<51$|| L1 sup ||(M,$)*/|| L 2. 



\ 



sup 



l*i-&l<2, 

i=i>- ,« 



The proof is complete. 

We remark that Lemma 13.11 implies 

||/a||m2.- < L7A- 3n/2 ||/|| M ^ for all / G M 2 '°°{R n ) and < A < 1. 
This is not our desired order of A in the case (p, q) = (2, oo). But we have 
Lemma 3.4. There exists a constant C > such that 

II/aIU/2.- < C A- n ||/|| M 2,oo for all f G M 2 >°°(R n ) and < A < 1. 



□ 
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Proof. Let $ = T V, where (p is as in Lemma fa. HI Suppose that / G M 2,oc (W a ). We 
note 
that 



note that / G L^ oc (M n ) (see the proof of Lemma l3~3j) . Then, by Lemma EHfl we see 



|V*(/ A )||^,=c < 5 n ||$|| L1 sup ||(M fc $) * Ally 

kei, n 

= (27r)- n / 2 5 n ||$|| il sup M'-QhWv 
= C n \- n ' 2 sup \\ip{\--k)f\\ L . 



fcGZ™ 



c n \- n ' 2 



, n ,> sup 

fcGZ™ 



VeZ™ / 



L 2 



Since 

VGZ™ / 



/(*) 



4 ™ J3 ^(At - fc) ^(t - £) /(*) 



|£j-fej/A|<2/A, 



we have 



V(A--*) (5>(--*))/ 

VgZ™ / 



L 2 



1/2 



< 



4 » £ 



|£j-fej/A|<2/A, 



<p(\t-k)<p(t-£)f(t) 



( 



dt 



1/2 



< 



2 

L 2 



Kj-fcj/A|<2/A, 



1/2 



< 



A n (27r) n y\\U ( sup ||(M m $)*/|| L2 

,raGZ n 



E 



v 



< dlMlt-A"" sup \\(M m $)*f\\ L 2 



mGi 



|£,-jfc,/A|<2/A, . 
L .\ 1/2 



= OJMUooA-™/ 2 sup ||(M m $)*/|| L2 . 

m6Z" 

Hence, by Lemma we get 

IIMIm 2 - < C n A- n sup ||(M m $) * f\\ L2 < C n \~ 

m£Z" 

The proof is complete. 

Lemma 3.5. Let 1 < p < oo. T/ien i/ie following are true: 



M 2 '°° ■ 



□ 
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(1) If p < 2, then there exists a constant C > such that 

||/a||mp.i < C\\f\\ MP a for all f G M^(R") and A > 1. 

(2) If p > 2, then there exists a constant C > snc/i i/iai 

II/aIUp.i < C r A _n(2/p - 1) H/11^,1 /or a// / G M p>1 (E n ) and A > 1. 

Proof. We first consider the case p < 2. By Lemmas 12.21 and 12.41 and Lemma f3. 41 we 
have 

||/ A || M 2,i = sup | (/ A , g)u\ = sup I (fx, g) | 

= A~ n sup |(/, g 1/x ) \ < A _n sup ||/|| M 2,i||oi /A || M 2,oo 
< A- n sup (C\\g\\ M >.-(l/\)- n ) =C\\f\\ M v 

for all / G iS(R n ) and A > 1, where the supremum is taken over all g G M 2,00 (IR n ) 
such that ||#||A^>~(M n ) = 1. Since S(R n ) is dense in Af 2,1 (R n ), this gives 

(3.9) ||/ A || M2ll < C||/|| M2ll for all / G M 2 > l (R n ) and A > 1. 
On the other hand, by Lemma l3.1[ we see that 

(3.10) UMImw < C\\f\\ M i,i for all / G M 1,;L (R n ) and A > 1. 

Hence, by the interpolation theorem, ()3.9|) and give Lemma 13*31 (1). 

We next consider the case p > 2. By Lemma l3.1[ we have 

(3.11) IIMUz-.i < L7A n ||/|| M oo,i for all / G M 00 ' 1 ^™) and A > 1. 
Therefore, by the interpolation theorem, ()3.9)1 and (j3.11j) give 

||/a||j^i<C7 (A ) 1- * (A")* Il/H^i 

for all / G AP^R 71 ) and A > 1, where 1/p = (1 - 9)/2 + 9/oo and < 9 < 1. Since 
9 = —2/p+ 1, this implies Lemma [3.51 (2). The proof is complete. □ 

Lemma 3.6. Let 1 < p < oo. Then the following are true: 

(1) If p < 2, then there exists a constant C > such that 

Wfxhiv^ < C"A~ 2n/p ||/|| A/P ,oc for all f G M p '°°(R n ) and < A < 1. 

(2) If p > 2, then there exists a constant C > such that 

UxWmp.oo < L7A- n ||/|| M p,oo for all f G M p '°°(R n ) and < A < 1. 
Proof. Let 1 < p < 2. By duality and Lemma f3. 51 (2), we have 
||/aI|mp>°° = sup I {fx, g) | = A" n sup |(/, g 1/x )\ 

< A-"sup \\f\\ MP ,~ (c{l/X)- n ^'-^\\g\\ Mpl ,) = CX- 2n ^\\f\\ M p^ 

for all / G M p '°°(R n ) and < A < 1, where the supremum is taken over all g G iS(R n ) 
such that ||g|| A / P ',i = 1. In the case p = 1, by Lemma l3~Tl we have 

II Ml ml- < C\- 2n || /|| M i,oe for all / G M 1,00 (R n ) and < A < 1. 

Hence, we obtain Lemma f3. 61 (1). In the same way, we can prove Lemma f3. 61 (2). □ 
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Lemma 3.7. Let 1 < p, q < oo, (p, q) ^ (1, oo), (oo, 1) and e > 0. Set 

f(t) = J2\k\~ n/q ~ t e tk - t ^{t) in S'(R n ), 

where tp is the Gauss function. Then f G M p ' q (W n ) and there exists a constant C > 
such that H/aHm™ > C\< l ' q -^ +e for allO < \ <1. 

Proof. We first prove / G M p > q (R n ). Since 
e lkd (p(t) (p(t - x) e-** dt 

[ <p(t) <p(x - t) {(1 + |e - A;| 2 )-«(J - A,)" e-^ fc )-'} dt 



(i + ie-*n 



2\-n 



E / (^V) (*) (d*<p)(x - 1) e -*tt-*)-* dt 

<C(l + K-A;| 2 )-« E |^V|*I^VIW, 

l/3i4-/3 2 |<2n 

we have 

= II VII 

<ir J d£ 

< ( ' ' / ' " 

{/ \ 1 ~\ 1 /1 

E, 
£eZ „ ^+[-1/2,1/2] 

q^ 1/9 



/ (7 J2\ k \~ n/9 ~ € I e ik - t <p(t)<p(t-x)e-*Ut 

JE. n yjR n k ^ JR™ 

l n (^\k\- n/q - £ (i + \Z-k\ 2 )-^ dfj 

; 1" Wo J 

^(e fEi*i" B/ff " e ( 1+ i < -*i 2 )" B ) 1 



Since {\k\~ n / q ' e } k ^ G £ q (Z n ), by Young's inequality, we see that / G M p ' q (R n ). 
We next consider the second part. Since cp G M p ' ,,? '(M n ), by duality, we have 



A||Afp.«= sup \(fx,g)\>\(fx,p)\ 



J2\k\- n / q - e [ e liXk) - 1 p{\t) <p(t) dt 



= + \ 2 y n/2 E i fc r n/9_£ e 



> (7r/2) n/2 E |^r n/9_e e 4 < 1+A 



A 2 |fc| 2 
4(1+A2) 



A 2 |fc| 2 

2T 



0<|fcj|<l/A, 
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> cx n/q+e 1 ^ c\ n{1/q ~ 1)+e 

0<|A 3 -|<1/A, 

for all < A < 1. The proof is complete. □ 
We are now ready to prove Theorem 11.11 (1) with (1/p, 1/g) G and (2) with 

{i/ P ,i/q)eh. 

Proof of Theorem li.il (2) with (1/p, 1/g) G -?2- We note that ^(PiQ) — l/q — 1 if 
(1/p, l/q) G 1%. Let p > 2 and 1 < q < oo be such that (1/p, 1/g) G 1% and 1/p < 1/g. 
If q — 1 then p = 00, and we have already proved this case in Theorem 11.11 (2) with 
(1/p, l/q) G I\. Hence, we may assume 1 < q < 00. We note that 1 < p' < 2 and 
1 < q' < 00. Since (1/p', l/q') G 1^ and 1/p' > 1/g', by duality and Lemma l3~2"l we 
have 

(3.12) ||M| MP , 9 = sup \(f x ,g}\ = X~ n snp\(f,g 1/X }\ 

< A~ n sup II/IUmIIs'i/aIImpW 

< A- sup ||/|| MP , g (l7(A- 1 )-^'^ 1 /«') (1 + A- 2 )^'-V2)| b || Mp ,^ 

for all / G M p,9 (R n ) and < A < 1, where the supremum is taken over all g G iS(R n ) 
such that HpIImp'.?' = 1- This is the first part of Theorem ll.il (2) with (1/p, l/q) G h 
and 1/p < l/q. Let p > 2 and 2 < q < 00 be such that (1/p, 1/g) G -Z2 and 1/p > 1/g. 
From flSHZl) it follows that 

(3.13) \\h\\ M r,r < C\ n W r - r >\\f\\ M r,r for all / G ilT' r (R n ) and < A < 1, 

where 2 < r < 00. Take 2 < r < 00 and < # < 1 such that 1/p = (l — 6)/2 + 6/r and 
l/g= (1 — 9) / 00 + 9/r. Since g 7^ 00, we note that r ^ 00. Then, by the interpolation 
theorem, Lemma f3. 41 and f)3.13j) give 

IIMU/-<c7(A-") 1 - e (A-(V-i)) \\ f \\ MPtq 

for all / G M p < q (R n ) and < A < 1. Since 6/r = l/q, we have 

H/aIIm- < CA^-^II/Ump,, < CA^/^II/II^.. 

for all / G M M (R n ) and < A < 1. In the case q = 00, by Lemma EH (2), 
we have nothing to prove. Hence, we obtain the first part of Theorem 11.11 (2) with 
(1/p, 1/g) G I 2 and 1/p > 1/g. 

We next consider the second part of Theorem ll.ll f2) with (1/p, 1/g) G I<i- Let p > 2 
and 1 < g < 00 be such that (1/p, 1/g) G 1%. Since (l/oo, 1/1) G I\, we may assume 
(p, g) 7^ (00, 1). Assume that there exist constants C > and /3 G R such that 

H/aIIm^ < C\ p \\f\\ m « for all / G M M (R n ) and < A < 1, 

where /3 > n(l/q — 1). Then we can take e > such that n(l/q — 1) + e < (3. For this 
e, we set 

/(*) = X>r n/,_e e ifc M*), 

where p is the Gauss function. Then, by Lemma 13.7^ we see that / G M p,q (W n ) and 
there exists a constant C > such that ||/a||m*.« > C"A™ (1/g ~ 1)+e for all < A < 1. 
Hence, 

C / A n(l/ 9 -l) + e < || /a || mm < CA^II/Hm^ 
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for all < A < 1. However, since n(l/q — 1) + e < (3, this is contradiction. Therefore, 
(3 must satisfy (3 < n{l/q — 1). The proof is complete. 

Proof of Theorem li.il (1) with (1/p, l/q) E I|. We note that Hi(p,q) = l/q — 1 if 
(1/p, l/q) E i|. In every case except for (p, q) ^ (l,oo), by duality, Theorem ll.il (2) 
with (l/p f , l/q') E I2 and the same argument as in the proof of Theorem ll.il (1) with 
{1/p, l/q) E I{, we can prove Theorem 11.11 (1) with (1/p, l/q) E For the case 
iPi q) = (1) we have already proved in Theorem ll.il (1) with (1/p, l/q) E I{. 

Our last goal of this section is to prove Theorem 11.11 (1) with (1/p, l/q) E 1% and 
(2) with (1/p, l/q) E I3. In the following lemma, we use the fact that there exists 
<p E SiW 1 ) such that suppy? C [—1/8, l/8] n and |y3| > 1 on [—2, 2] n (see, for example, 
the proof of jHl Theorem 2.6]). 

Lemma 3.8. Let 1 < p < 00, 1 < q < 00 and e > 0. Suppose that (p,ip E S(W a ) 
satisfy supp^ C [-1/8,1/8]", suppip C [—1/2, 1/2]", \<p\ > 1 on [-2,2] n and if) = 1 
on [-1/4,1/4]™. Set 

fit) = s ^2\k\~ nlq - e e lk - t i){t-k) in S'iW). 

k^O 

Then f E M p,q (R n ) and there exists a constant C > such that 

II Wa)||i>« > C\- n{2/p - 1/q)+t for all < A < I. 

Proof. In the same way as in the proof of Lemma 13.71 we can prove / E M p ' q (W n ). 
We consider the second part. Since \\V v (f x ) || £Pl , = \-MVp-i/<i+V \\V Vl/ J\\ L p, q , it is 
enough to show that ||T^ 1/A /|U^ > C\~ n l p+n+€ for all < A < 1. We note that 
supp </?((• - x)/X) C£+ [-1/4, 1/4]™ for all < A < 1, i E Z n and x E £+ [-1/8, 1, 8] n . 
Since supp - k) C k + [-1/2, l/2] n and if)(t - k) = 1 if t E k + [-1/4, 1/4]™, it 
follows that 

i/p 




dx 



Sk-t 



1p{t — k)if 



t — X 
A 



dt 



i/p 



dx 



-1/8,1/8]' 



J2\k\~ n/q - e 



-i(£-k)4 



'*V>(* -k)tp 



x 



dt 



i/p 



dx 



£+[-1/8,1/8]™ 



-n/q—e 



e-^-^if 



t — x 



dt 



dx 



A' n/p ( W e \~ n 

WO 



/^A^(-A(e-^))r 



Hence, using \<p\ > 1 on [—2,2]™, we get 



i^m/iu- > *- n/Pxn 




g/p 



1/9 



- n/q -^(-X^ - £))\ 



d£ 
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^-n/pyi-n/q 



> ^-n/pyn-n/q < 



/ fe|i<r / ^w+*0)l p> ) * 

Wo / 



1/3 



/ 



1,1]™ 



E 



0<Kj|<l/A, 
\ j=l,-,n 



> 4-^/P2 n / 9 A n_?1//9 



\ i/p 



iA/ 



E w- 



(n/g+e)p 



0<K J |<1/A, 
\ j=l,-,n 

( 



) 



VP 



E i 



0<K J |<1/A, 
\ J=l,-,n / 



for all < A < 1. The proof is complete. □ 

For Lemma f«18| we do not need e > in the case q = oo. 
Lemma 3.9. Let 1 < p < oo. Suppose that ip,ip G iS(IR n ) are as m Lemma \S. 81 Set 

f( t )=J2 e iht ij){t-k) m S'(R n ). 

Taen / G M p '°°(lR n ) and there exists a constant C > swca £aat H/aIIat** > C\~ 2n/p 
for all < A < 1 . In particular, if 1 < p < 2 iaen taere exzsi constants C, C > stzca 

CA -2„/ P < ||/ A || MPj00 < c" A - 2 " /p /or atf < A < 1. 
Proof. In the same way as in the proof of Lemma \3.7\ we can prove 



e ikmt i/j(t - k) <p(t - x) e~^ 4 dt 



< C(l + |z- A;| 2 )~ n (l + |£-Jfe 



|2\-n 



Hence, 



Kf(x,o\ 



[ e ik4 ij;(t - k) <p{t - x) e"** dt 



< C J2 (! + N - fc lT n C 1 + If - k\ 2 )~ n < C(l + |x - 



2\-n 



fcez™ 



for all x, £ G M n . This implies / G M p,00 (R n ). 

We next consider the second part. Since ||VL, A /(-, £)IU P * s continuous with respect 
to £ G M n , we see that || V^ 1/A /|| LP ,°o = sup 5gRri ||V^ 1/A /(-, £) || LP for each < A < 1. 
Hence, by the same argument as in the proof of Lemma f3. 81 we have 



WMWl^ = A- n(1/p+1) ||W|k,~ > a- (1/p+1) ||v; 1/a /(-,o)|| 



LP 
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> cx -n(l/p+X) ( \\ n 0(\£)\A 



1/p 



> c\- n/p 



, Kil<lA, . 
\i=l. -,n / 



> c\- 2n/p 



for all < A < 1. Combining Lemma 13.61 (1). we get ||/|| 

X -2n/p in the 

case 

< A < 1. The proof is complete. □ 

We are now ready to prove Theorem 11.11 (1) with (1/p, l/q) G 7| and (2) with 
(l/p,l/q)el 3 . 

Proof of Theorem M . 1\ (2) with (1/p, l/q) G I3. We note that /^(p, <?) — — 2/p + 1/<1 
if (1/p, l/q) G 13. Let 1 < p < 2 and 1 < q < 00 be such that (1/p, G 7 3 and 
1/p+l/q > 1. We note that, if (l/p,l/q) G J 3 and 1/p+l/q > 1, then (l/p,l/q) G 7| 
and 1/p > 1/g. Then, by Lemma IT2| there exists a constant C > such that 

(3.14) \\f\\\MP« < CX^ 2/p - 1/q) \\f\\ M p.i for all / G M p ' q {R n ) and < A < 1. 

This is the first part of Theorem ll.il (2) with (1/p, l/q) G ^3 and l/p+ l/q > 1. Let 

1 < p < 2 and 2 < q < 00 be such that (1/p, l/q) G J 3 and 1/p + 1/g < 1. (I3~T3J) 
implies 



(3.15) ||M| Mr y < C\-< 2 ' r - l ^\\f\\ Mr y = C \- n ^-^ 



for all / G M r ' r '(M n ) and < A < 1, where 1 < r < 2. Take l<r<2and0<#<l 
such that 1/p = (1 — 6)/2 + 9/r l/q = (1 — 9)/oo + 9/r'. Since q 7^ 00, we note that 
r' 7^ 00. Then, by the interpolation theorem, Lemma f3. 41 and (J3.15|) give 



\\fx\\^<C(X- n ) 1 - 9 (A-<V-i)) ( 



MP- 1 



for all / G M M (M n ) and < A < 1. Since 1-6 = 2(l/p- 9/r) and 0/r = 9 - l/q, we 
have 

||/a||^«<GA^« 1 /^-^/'--*)||/||^, 

= CA-™ (2/p+e/r - e) ||/|| M P„ = CA' n(2/p - 1/9) ||/||AfP„ 



for all / G M p 'i(R n ) and < A < 1. In the case q = 00, by Lemma EH (1), 
we have nothing to prove. Hence, we obtain the first part of Theorem 11.11 (2) with 
(1/p, l/q) G I 3 and 1/p + l/q < 1. 

By using Lemma l3.8l (or l3~T?|) . we can prove the second part of Theorem ll.il (2) with 
(1/p, l/q) G I 3 in the same way as in the proof of the second part of Theorem ll.il (2) 
with (1/p, l/q) G h- We omit the proof. 

Proof of Theorem M. 1\ (1) with (1/p, l/q) G Jg. We note that pi(p,q) = — 2/p+ l/q if 
(1/p, G Jjj;. In every case except for (p,q) 7^ (00, 1), by duality, Theorem ll.il (2) 
with (1/p', l/q') G I3 and the same argument as in the proof of Theorem ll.il (1) with 
(1/p, l/q) G /*, we can prove Theorem ll.il (1) with (1/p, l/q) G /|. 

For the first part of Theorem II. 11 (1) with (p, q) = (00, 1), by (|3.11jl . we have nothing 
to prove. By using the interpolation theorem, we can prove the second part in the 
same way as in the proof of Theorem ll.il (1) with q = 00. 
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4. The inclusion between Besov spaces and modulation spaces 

In this section, we prove Theorem 11.21 which appeared in the introduction. It is 
sufficient to prove the first statement only because the first one implies the second one 
by the duality argument and the elementary relation 

See also Section 2 for the dual spaces of the modulation spaces ( Lemma I2.4J) and Besov 
spaces. 

For the preparation to prove Theorem 11.21 (1) with (1/p, 1/q) G I*, we show three 
lemmas in the below. We denote by B the tensor product of B-spline of degree 2, that 
is 

n 

B (t) = II X[-l/2,l/2] * X[-l/2,l/2](*i), 
0=1 

where t = (t h ■ ■ ■ ,t n ) G W 1 . We note that suppfi C [-1, l] n and T~ X B G M M (R n ) 
for all 1 < p, q < oo. 

Lemma 4.1. Let 1 < p,q < oo, (p,q) ^ (1, oo), (oo, 1) and e > 0. Suppose that 
if) G S(R n ) satisfies ip = 1 on {£ : |f | < 1/2} and supp rp C {£ : |f | < 1}. Set 

f(t) = J2\ i \~ n/p ' e ^( t - i ) m S'(R n ), 

where ^ = T~ x ip. Then f G M p,q (M. n ) and there exists a constant C > such that 
\\f\\\ M ™ > C\- n / p - e for all A > 2y/n. 

Proof. In the same way as in the proof of Lemma \'S. 71 we can prove / G M p,q (W a ). We 
consider the second part. Let A > 2y/n. Since tp(-/X) = 1 on [—1, l] n , we have 

/ #(At - £) (^ _1 B)(t) dt = (2n)- n \~ n [ e - i(£/A) i V>(t/A) £(t) dt 
= (27r)- n A~™ / e-*^-* B(t) <2t = (27r)- n A- n TT f- 



A- /sin^/2A x 2 



^•/2A 



We note that rijLi {( s ^ n ^j)/^j} 2 > Con [—ir/2, vr/2] n for some constant C > 0. Since 
■F -1 .B G M p '' 9 '(M n ), by Lemmas O and EH we get 

II/aIU/p.9 = 



-1 Dll-1 



\T~ l B 



sup \(f x ,g) M \ > H^Slliv K/a,^ 1 ^) 
1 



1^0 



Ml* 



V$ [tf (A • -£)) (x, V* [.F^E] (s, cfe 



1 Dll-1 



IMP 



^|£|- n/p - e / ^(At-£) (f- 1 B)(t)dt 



(27r)-"||^ 1 5ir f 1 / ,A~ n 



£^0 i=l v ■ J/ 



0<|£j|<A7r, j=l ^ j/ 

i=l>- ,n 
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> c\- n \- n/p - e l >cy 



n/p—e 



0<Kj|<A7r, 



for all A > 2^/n. The proof is complete. □ 

Lemma 4.2. Suppose that 1 < p, q < oo, (p,q) ^ (1, oo), (oo, 1) and e > 0. Let 
ip E «S(M n ) be as in Lemma \4-1\ Set 

f{t) = e 8itl \t\~ n/p ~ e - i) m S'{R n ), 

where t = (t u ■ ■ ■ ,t n ) E R n and ^ = T~ x ^. Then f E M p ' 9 (R n ) and there exists a 
constant C > such that ||/a||mp'« > C\~ n l p ~ e for all A > 2y/n. 

Proof. Let g(t) = \i\~ n l p -^{t - i). Since / = M 8ei g and f x = M 8Xei9x , we have 

V<s>(f\)(x,£) = V<s>(gx)(x,£ - 8Aei), where ei = (1,0, ••• ,0). This gives ||/a||mp.? = 
||<?a||mp>«- Hence, by Lemma HHJ we obtain Lemma l4~2l □ 

Lemma 4.3. Suppose that 1 < p, q < oo, s E K and e > 0. Let ip E S(M. n ) be as in 
Lemma \4-1\ Set 

f{t) = e 8itl W nlv ~' *(* - § in <S'(R n ), 

where t = (ti, ■ ■ • , t n ) E M n and \I/ = T~ lr i\). Then there exists a constant C > snc/i 
that \\f 2 *\\Br < C2 fc ( s -"/p) /or all k E Z+. 

Proo/. Let G Z + . Since supp <^ C {£ : |f| < 2}, supp^- C {£ : 2 J ~ 1 < |f| < 2^ +1 } if 
j > 1, and supp^(-/2 /c - 8ei) C {£ : |£ - 2 k+3 ei \ < 2 fe }, we see that 



Q^x-t) {e Si{2tx) ^{2 k t-i)) di 

(2n)- n [ e ixd ip.it) ( 2 - kn e - ie < t/2k - 8ei) ^it/2 k - 8e x )) dt 
(27r)- n e Ml / Rn e »'(2 fc *-<)-t ^-(2 fc t) ^(t - 8ei) dt, if fc + 2 < j < k + 4 



0, 

Hence, 

|%*(/ 2 0(^)l 



otherwise. 



< 



y-| £ |-„/ P -e /" $ i ( a ._ t ) ^e 8 ^' 1 ) ^(2 fc t - £)) dt 
C V / {(1 + |2 fc x - £| 2 )- n (J - A t ) n e i(2fcx - £) -') <^-(2 fc t) ^(t - 8ei) dt 



< C ^ |*|~ n/p ~ e (1 + |2 fe x - £| 2 )~ n 

where k + 2 < j < k + 4. On the other hand, * (f 2 k) = if j < k + 2 or j > k + 4. 
Thus, ||$j*(/ 2 *)lli* < C2- fen /P if k + 2 <j< k + 4, and ||^ * (f 2 k)\\ L p = if j < k + 2 
or j > k + 4. Therefore, 



I LP 
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The proof is complete. □ 
We are now ready to prove Theorem 11.21 (1) with (1/p, 1/q) G 7*. 

Proof of Theorem\T^ (1) with (1/p, 1/q) G I*. Let (1/p, 1/q) G 7* and (p, q) ^ (1, oo). 
Then u x (p,q) = 0. We assume that B P > q (R n ) ^ M p > q (R n ), where s < 0. Set s = -e, 
where e > 0. For this e, we define / by 

f(t) = e 8itl \(\' n/p ~ e/2 *(* - £), 

where t = (h, ■ ■ ■ , t n ) G R n , * = T' 1 ^ and ij) is as in Lemma f4. II Then, by Lemmas 
E21 and EH we have 

Ci2 -k(n/ P +e/2) < \\f 2k \\ MP:Q < C 2 \\f 2 4 B r,« < C 3 2 k(s ' n/p) = C 3 2- k{n/p+e) 

for any large integer k. However, this is contradiction. Hence, s must satisfy s > 0. 

We next consider the case (p,q) = (l,oo). Assume that 7^'°°(R n ) <^-> M 1>0 °(M n ). 
Let ip G <S(R") \ {0} be such that supp^ C {£ : 1/2 < |f | < 2}. Since M 1 ' 00 (R ri ) 
FL°°(R n ) ([9, Proposition 1.7]), we see that 

2- fe lV|U~ = ||J 7 [* 2 *]||l<- < C||* 2 *|| w i,oc for all fc G Z+, 
where ^ = T~ Xr >\). On the other hand, it is easy to show that 

11*2* IIb, 1 - ^ C2 k(s ~ n) for all k G Z+. 
Hence, by our assumption, we get 

2- kn \\ip\\ L oo < Ci||*2*|| M i,oo < C 2 ||^ 2fc || B i,oo < C 3 2 fc(s - n) 
for all k G Z + . This implies s > 0. The proof is complete. 

Our next goal is to prove Theorem 11.21 (1) with (1/p, 1/q) G We remark the 
following fact, and give the proof for reader's convenience. 

Lemma 4.4 (0 Proposition 1.1]). Let 1 < p, q < oo and s > 0. Then there exists a 
constant C > such that 

IIMIb- < C\ s - n / p \\f\\ B ^ for all f G B™(R n ) and A > 1. 

Proof. Let j G Z + be such that 2 jo < A < 2 jo+1 . Since £°i </?j(0 = 1 for all £ G R", 
we see that 

i 

(Pj(\£) = vA x Vj+ti^O for a11 £ e R " and J e Z+, 

£=-2 

where ipj + i = if j + £ < 0. Hence, by Young's inequality, we have 

^2^r- 1 [^./ A ]||l P =A-"/M^2^||^- 1 [^(A-)/]|i: 
j=o / \i=o 

1 / oo \ V? 

< A -n/p ^ ^2^||^- 1 [^(A-) ^(2*.) /]||I P 

£=-2 \j=0 



I LP 



1 f oo 

< A -»/p £ (||^- 1 b,(A-)]|U 1 ||^- 1 [^(2^.) /]|U, 



1/9 



-2 W=0 
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Hp 



Hp 



< C\~ n/p ^2 JS9 ||^-% J (2 J0 -)/]|r j 

\j=0 

( / jo oo \ ^ V<Z 

= ca-^ m> p^ViC^o/iiij 

l \j=0 j=jo+X/ 

For the first term, we see that 

30 30 

j2^ s v~>3^ jo -) f\\\% = E^n^- i [^(2* , o to + + ^) /in: 

j=0 i=0 
Jo 

< 2^||^- 1 [(^o + ¥>i + y> 2 ) /HIIp < C (2^||/|| b p, 9 ) 9 < C (A s ||/|| b p, 
j=o 

For the second term, we have 



Hp 



2^||^- 1 b,(2^.)/]IHp= £ 2^||^- 1 [^ Wo /]|H P <(A s ||/|| i? P„ 

J=J0+1 J=J0+1 

Combining these estimates, we obtain the desired result. □ 
We are now ready to prove Theorem 11.21 (1) with (1/p, 1/q) E i|- 

Proof of Theorem [Q (%) wift 1/g) G I^. Let (1/p, 1/q) G I^. Then v x {p,q) = 
1/p + 1/q - 1. If (1/p, 1/g) G 7| and 1/p + 1/g = 1 then (1/p, 1/g) G /*, and we 
have already proved this case in Theorem II .21 (1) with (1/p, 1/g) G I*. Hence, we may 
assume 1/p+l/g > 1. Suppose that y3^(M n ) M p ' q (W n ), where s < n(l/p+l/g-l). 
Then, since n(l/p+l/q— 1) > 0, we can take so > such that s < so < n(l/p+l/q— 1). 
Let </? be the Gauss function. By Lemma l2~Tl we see that ||<^a||mp'« > CA^ 1 / 9 " 1 ) for 
all A > 1. On the other hand, by Lemma \AA\ we have 

\\<Px\\b™ < C\ s °- n / p y\\ BP , for all A > 1. 



s o — s 



Hence, using B™(R n ) ^ B p ' q (W l ) ^ M p ' q (R n ), we get 

cva^/s-d < ||^ A || MP , 9 < c 2 y x \\ BP , < c 3 \ s °- n / p y\\ B ™ 

for all A > 1. However, since Sq — n/p < n(l/q — 1), this is contradiction. Therefore, 
s must satisfy s > n(l/p + 1/g — 1). The proof is complete. 

Our next goal is to prove Theorem II .21 (1) with (1/p, 1/g) G I|. 

Lemma 4.5. Let 1 < p < oo ; 1 < g < oo and e > 0. Suppose that if, ip G iS(K n ) \ {0} 
satisfy supp^ C [-1/8, l/8] n , supp^ C [-1/2, l/2] n and ip = 1 on [-1/4, l/4] n . For 
j G Z + , set 

/i (t) = 2^ n/p £ |A;|~ n/p - £ e ik - tlv ^{t/2 j - fc), 

0<|fej|<2J, 
j=l,'" ,n 

where ^> = Then /•?' G M p ' 9 (IR n ) and t/jere exists a constant C > suc/i £/iat 

IIMf )^]|Up.8 > C2^ 2 / p - 1 ^-^ /or all j G Z+, 

where $ = J r ~ 1 ip. 
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Proof. Since p G iS(M n ), we have / J G MP^iW 1 ). We consider the second part. Note 
that supp<^(- - C I + [-1/4, 1/4]™ for all i G Z™ and f G £ + [-1/8, 1, 8] n . Since 
supp^(- -fc)cfc+ [-1/2, 1/2]™ and - k) = 1 if * G k + [-1/4, 1/4]™, it follows 
that 



„ y^+[-l/8,l/8] r 



0<|fcj|<2 J 



/ r r P \q/P -\ V? 

/ 2^'™ /p ^ |^|~ n/p-e / e*' - k) <&{t — x) e~^ 4 dt dx) d£\ 



> (2tt)-™2^™ /p | J 



0<|^|<2 J , 

i=i,- 



-1/8,1/8]™ 



X 



( f \k\' n/p ' e ^ k? [ 



-n/p-vi*r / e - ik - 1 i){t - k) v (t - £) e ixd dt 



0<|fej|<2 3 , 
.7=1, - ,n 



c/.r 



?/p i i/? 



(2tt)-™2- j '™ /p | ^ jf 



0<|^j|<2-5, 
3=1,- ,n 



-1/8,1/8]- 



/• /• v \q/p -\ 1/9 

/ \£\- n/p ~ e e^-Q* <p{t - £) dt dx) dn 

2~in/p| |^|-(n/p+e)g ^ 



0<Kil<2 J 
j=l,- ,n 



4-™ /g ||$|| LP 2- J '™ /p | 



<+[-l/8,l/8]» 



-(n/p+e)q 



0<K J |<2-', 
J=l,- > n 



ll*(" 



1/'/ 



1/9 



r i 1/9 



-jn(2/p-l/q)-je 



0<Kj|<2-?, 

i=i,- ,w 



for all j G Z + . The proof is complete. □ 

Lemma 4.6. Suppose that 1 < p, q < oo and s > 0. Lei / J fre as in Lemma \4-5\ Then 
there exists a constant C > such that || (f-')zi Hb^ 

< (72 j(s "™ /p) /or a// j G Z+. 

Proo/. By Lemma EM we have ||(/-?") 2J - || b p,« < C2 j ^- n M\\f j \\ B p,i for all j G Z+. Hence, 
it is enough to prove that sup JgZ+ ||/ j '||.bj.« < oo. Since 



fi(£) = 2^'™( 1 " 1 / p ) \k\~ n/p ~ e e- iki2H ~ k) ^(2 J e - k) 

0<|fcj|<2J, 
J'=l,- ,™ 
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andsupp^'— fc) C k/2P+[-2~^ +1 \ 2-^' +1 )] n , we see that supp fi C {£ : |f| < 2^}. 
Let £ be such that 2 £o ~ 1 > 2y/n. Then, 



II f 



^o-l 

£ 

£=0 



< 



£2^(11^11/1^ 



.e=o 



Therefore, it is enough to show that sup 3 - eZ+ < oo. By a change of variable, we 

have 



LP 



( [ J2 \k\~ n / p ~ £ e ik4 ^(t - k) 



0<\kj\<23 
3=h'" , n 



V \ i/p 

dt) 



< 



< meZ" ^^+[-1/2,1/2]" V M0 / J 



1/P 



P-| 1/P 



< OO 



□ 



-hl/2,1/2] 
^ m£Z" ^ fc^O 

for all j G Z_|_. The proof is complete. 

We are now ready to prove Theorem 11.21 (1) with (1/p, 1/q) G I£. 

Proof of Theorem [Q (%) wit/j (1/p, 1/q) G 7|. Let (1/p, 1/q) G 7|. Then Ux(p,q) = 
— 1/p + 1/q. If 1/q) G J| and p = q then (1/p, 1/?) G 1^, and we have already 
proved this case in Theorem ll.2l (l) with (1/p, 1/q) G /*. Hence, we may assume 1/q > 
1/p. Note that q ^ oo. Suppose that B™(R n ) ^ M p > q (R n ), where s < -n(l/p-l/q). 
Then, since —n(l/p— 1/q) > 0, we can take Sq > such that s < Sq < —n(l/p— 1/q). 
Set So = —n(l/p — 1/q) — e, where e > 0. For this e, we define fi by 

f(t) = 2- ]n/p \k\~ n/p ~ €/2 e ik4/2J m(t/2 j - k), 

0<|fcj|<2 J , 
J=l,- ,n 

where j G Z + , ^ = T~ Xr >\) and ^ is as in Lemma 14.51 Then, since B P ^ q (R n ) ■=— > 
BJ'«(R n ) <^-> M p ' 9 (M n ), by Lemmas Ol and we get 

Ci2 -M2/ P -lM-3e/2 < ||^[ (/J ) 2J ]|| Lp , q < C 2 ||(^) 2 ,|| MP , 9 

< CsIK/^^IIb^ < c 4 y {s °- n/p) = c A 2~ jn{2/p ~ l/q) - jt 

for all j G Z_)_, where $ = J 7 ^ 1 ^ and is as in Lemma 14.51 However, this is contra- 
diction. Therefore, s must satisfy s > —n(l/p — 1/q). The proof is complete. 
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